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Abstract 

We consider generic properties of Lagrangians. Our main result is the 
Theorem of Kupka-Smale, in the Lagrangian setting, claiming that, for a 
convex and superlinear Lagrangian defined in a compact surface, for each 
feel, generically, in Mane's sense, the energy level, k, is regular and all 
periodic orbits, in this level, are nondegenerate at all orders, that is, the 
linearized Poincare map, restricted to this energy level, does not have roots of 
the unity as eigenvalues. Moreover, all heteroclinic intersections in this level 
are transversal. All the results that we present here are true in dimension 
n > 2, except one (Theorem 1 18[) . whose proof we are able to obtain just for 
dimension 2. 



1 Introduction 

Our main purpose here is to obtain generic properties, in the sense of Mane 
(see jH], [13]), for a convex and superlinear Lagrangian, in a fixed smooth 
and compact surface M without boundary. 

Our main result is the Kupka-Smale Theorem , claiming that, for each, 
k € R, generically, this level is regular, all periodic orbits in this level are 
nondegenerate at all orders and all heteroclinic intersections in this level are 
transversal. Where, Nondegeneracy of order m, means that, the linearized 
Poincare map, restricted to this energy level, does not have m-roots of the 
unity as eigenvalues. 

In the proof of the Kupka-Smale Theorem , we will use the Nonde- 
generacy Lemma (Lemma 0J) and a Perturbation Lemma (Lemma [§]) for 
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Lagrangian submanifolds in order to get the transversality of heteroclinic 
intersections. 

The Kupka-Smale Theorem , in this formulation, resembles the Bumpy 
Metrics Theorem, for geodesic flows, formulated by R. Abraham in 1968, 
and proved by D. V. Anosov in 1983 (Anosov, [1]). 

The work of W. Klingenberg and F. Takens [12] in the Bumpy Met- 
rics Theorem proof was corrected by Anosov [3J using an induction method 
similar to the one used by M. Peixoto [16J in the proof of the classical 
Kupka-Smale Theorem. 

In this work, we will employ the same techniques used by Anosov [3J, 
adapted to perturbations by potentials. In order to apply to the case of 
perturbation by potentials, it is necessary to introduce a modification of the 
standard argument in the Control Theory for differential equations, initially 
used by Klingenberg pTj, for geodesic flow perturbation setting, by J. A. 
Miranda [14j for magnetic flows on surfaces and by Contreras [7j for the 
proof of Franks' Lemma for geodesic flows. In this case we do not have 
especial coordinates, like Fermi coordinates, as in [11], [TJJ and [TJ, thus 
we introduce a new method without the use of tubular neighborhoods, that 
solves this trouble. In the beginning of the proof we use an argument similar 
to the one used by Robinson [T7], Lemma 19, Pg. 592, but the proof is quite 
different. 

Observe that the generic properties in Mane's sense cannot be obtained 
from the pioneering work of Robinson in the general Hamiltonian setting 
(see [IT] and |18| ) because the set of all Hamiltonians is bigger than the set 
of all potentials in M. 

The transversality is the easy part. Here we follow the approach of 
Contreras & Paternain [9], Lemma 2.6 or J. A. Miranda [14] , Lemma 3.9. 
The problem in this case is to construct an explicit potential that represents 
the perturbation. 

The main obstacle in the proof of the Kupka-Smale Theorem in dimen- 
sion n > 2 is the nature of the perturbation constructed. As in Contreras [7J, 
Lemma 7.3 and 7.4, we need to solve a matrix equation in the Lie algebra of 
the symplectic group S p (n) = {Symplectic matrices 2n x 2n}. The solubility 
of this equation is strongly related with the existence of repeated eigenval- 
ues of the matrix H pp in local coordinates. The problem is that we can not 
change this characteristic by adding a potential. Moreover, the equation 
involved is very complex too. 

However, we point out that the Kupka-Smale Theorem in dimension 2 is 
a strong result in the study of generic Lagrangians because it works below 
the critical level. More than that, it can be combined with other results on 
the structure of Aubry-Mather sets in surfaces, like Haeflinger theorem for 
Mather measures with rational homology in an orientable surface, claiming 
that such measures are supported in periodic orbits, and results on the 
nonexistence of conjugated points in the Aubry-Mather sets from Contreras 
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and Iturriaga [6], in order to guarantee the hyperbolicity of the periodic 
orbits in this set. 

2 The Kupka-Smale Theorem 

We consider (M;g) a, n- dimensional, smooth and compact, Riemannian 
manifold without boundary, L : TM —* M, a Lagrangian in M, convex 
and fiberwise superlinear (see [8] to definitions) and H : T*M — ► M the 
associated Hamiltonian obtained by Legendre transform. 

In the study of generic properties of Lagrangians we use the concept 
of genericity due to Mane. The idea is that, the properties studied in the 
Aubry-Mather theory become much more strongest in this generic setting. 
For more details and applications see [6], [8], [H] and [13]. 

We will say that a property V is generic, in Mane's sense, for L, if there 
exists a generic set O C C°°(M; R), in C°° topology, such that, for all / & O, 
L + / has the property V. 

Consider El(x, v) = ^(x,v) ■ v — L(x, v) the energy function associated 
to L and e\ = {(x,v) G TM \ El(x,v) = k} the set of all points in the 
energy level k. 

Let 8 € TM be a periodic point of positive period, T m , n of the Euler- 
Lagrange flow §\ : TM — > TM. Fixed a local section transversal to this 
flow, S contained in the energy level of 9, there exists a smooth function 
t : U cH->R, such that, t{6) = T m i n which is the time of first return to 
E, such that the map -P(X, 6) : U — * S given by 

P(E,0)(0) = # w (0) 

is a local diffeomorphism and 9 is a fix point of P(E,9). This map is called 
Poincare first return map. We will say that 9 (or the orbit of 9) is a nonde- 
generate orbit of order m > 1 for L if 

Ker((d e P(^9)) m - Id) =0. 

The property of Nondegeneracy of order m means that dgP(S, 9) does not 
have m-roots of the unity as eigenvalues. 

If we are interested in the Hamiltonian viewpoint of the described La- 
grangian dynamics, then we consider the Hamiltonian H associated to L by 
the Legendre transform in the speed, that is, 

H(x,v) = max {vv — L(x, v) }. 

v&T x M 

Let X H be the Hamiltonian field, which is the unique field X H in T*M 
such that u#(X H '(#),£) = d#H£ for all f G T#T*M. In the local coordi- 
nates (x,p), X H = H p |j - H x We denote by : T*M -> T*M the 
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flow in T*M associated with the Hamiltonian field X H : T*M -> TT*M. 
This flow preserves the canonical symplectic form oj. Since L is a convex 
and superlinear Lagrangian we have that H is a convex and superlinear 
Hamiltonian. Using the Legendre transform 

p = L v (x,v) and v = H p (x,p) , 

we have that, H pp (x,p) is positive defined in T*M, uniformly in x G M. 
Observe that the Legendre transform associates the energy level with the 
level set H~ 1 (k) of H. From the conjugation property between Lagrangian 
and Hamiltonian viewpoint, the nondegeneracy of an orbit is equivalent in 
both senses. 

One can prove that the restriction of the symplectic form to to T$Y, 
is nondegenerate and closed form, therefore the Poincare map is symplec- 
tic. Moreover, 

d ^% n J0 = -dMO* H + ^P(£,tf)(0, V£ G TtfS. 
Therefore we have that 

1 d&r 
d^P(E,-d)\ ' 

in general for T = mT m i n 

So, the condition of that $ is nondegenerate of order m > 1 is equivalent 
to say that the algebraic multiplicity of A = 1 as eigenvalue of d^ip^ \r i) H- 1 (k) 
is equal to 1, because the characteristic polynomials are related by P^^h (A) = 

(1 - A) • P^P(S,tf)m(A). 

Our main result is the Kupka-Smale Theorem that relies the Bumpy 
Metrics Theorem proved by Anosov [3], but here for the Lagrangian setting. 

We state our main result just when dim(M) = 2 because we do not know 
the proof for Theorem [TH] when dim(M) = n > 3. This problem remains an 
open question. 

Theorem 1. (Kupka-Smale Theorem) Suppose dim(M) = 2. Let L : 
TM — ► R, be a Lagrangian in M , convex and fiberwise superlinear. Then, 
for each k £ R, the property 

i) e\ is regular; 

ii) Any periodic orbit in the level e\ is nondegenerate for all orders; 
Hi) All heteroclinic intersections, in this level, are transversal. 

is generic for L. 

3 Proofs of the main results 

Given k G R, we define the set of the regular potentials for k, as being 
TZ{k) = { f G C°°(M;R) | e) := (H + f)~ 1 (k) is regular }, 
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where H is the associated Hamiltonian. 

Lemma 2. Consider feel and f G C°°(M;R). For each sequence f n — > 
/o in C°°(M;R) topology and points # n = (x n ,p n ) G £y n £/iere exists a 
subsequence d ni —> $0 £ £/ • 

In fact, this lemma is an easy consequence of the compactness of the 
energy level. 

Theorem 3. (Regularity of the energy level) Given A; G R, the subset IZ(k) 
is open and dense in C°°(M;R). 



Proof. The openness of the set TZ(k) follows directly of the Lemma [2j In 
order to obtain the density of TZ(k) in C°°(M;R), consider f G C°°(M;R) 
and U, a neighborhood that contains a ball of radius e > 0, and center, _fo- 
We claim that IA n 72(fc) 7^ 0. In fact, if it is not the case, we can achieve 
a contradiction by considering the Hamiltonian H$ := H + (/o + 5), with 
5G(0,e). ■ 



The Nondegeneracy Lemma 

Given k G R and < a < 6 G R, we define the set Q^ b C 72. (A;) as 
= {/ G 7J(fc) I all periodic points •d G (If + f)~ l {k), with T min (^) < a 
are nondegenerate of order m for H + /, Vm < ^ }. Observe that, 

ft 1 min 

if we have a, a ,6,6 G R, such that, < a, a < 00, a < a and b < b , 

+00 

then C We define = f| Then Q(k) is the set of all 

n=l 

potentials / G lZ(k) such that, all periodic orbits with positive period in the 
energy level (H + f)~ 1 (k) are nondegenerate of all orders for H + / '. 

Lemma 4. (Nondegeneracy Lemma) Given feeK and < c G R, the set 
Q^ c is open and dense in C°°(M;R). 

If Qk is generic, then generically in L, the energy level k is regular and 
all periodic orbits in this level are nondegenerate of all orders for H + /. 
Thus, we must to prove that Q^J C is open in C°°(M; R) , Vc G R+ and dense 
in 7Z(k), since Theorem [31 implies that 1Z(k) is dense in C°°(M;R). The 
proof of this lemma requires a sequence of technical constructions. 

Lemma 5. Given k G R and /q G TZ(k) there exists a neighborhood, IA, of 
fo in C°°(M;R) and < a := a(U,fo) such that, for all f G U, the period 
of all periodic orbits of H + f , in the level (H + f )~ 1 (k) , is bounded below 
by a. 
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Proof. If we suppose that our claiming is false, we get the existence of 
sequences, U 3 f n — ► /o, T n > with T n — > and i9 n G (J? + f n )^ 1 (k) such 
that ^ n +/ "(i9„) =i?„. 

From Lemma [21 we can choose a subsequence such that 

^•A/W>? +/ "(tfo),#o) = 0, Vt>0 

, that is, i) G(ffl ibr 1 ^) which 

is a fix point, contradicting the fact of 

/o e n(k). m 



Lemma 6. Given k G R, a, 6 G R wif/i < a < 6 < oo, the set Q?' is open 
in C°°(M; R). 



Proof. If, C^' 6 ^ 0, take /o G If /o is not an interior point we 

get the existence of a sequence f n — > fo where f n g" Q^' b '. Therefore, there 
exists $ n G (H + fn) (k), T n = T m j n (i? n ) G (0; a] and natural numbers 
i n > 1 such that, l n T n < b, {$ n ) = $n and d^ n %^f~^J n do not have 

1 as eigenvalue with algebraic multiplicity bigger than 1. Consider IA$ and 
< a := a(Uo, fa) < a as in Lemma EJ Choosing a subsequence we can 
assume that f n G IA§ and therefore T n G [a; a], with #„ — > i?q € £y , T n — > To, 

£ n = £ , < a < T < a and £ T < b. Then ^|J/°0?o) = #0, and 
^o^oTo ^ as ^ as eigenvalue with algebraic multiplicity bigger than 1, that 
is, i?o is a periodic orbit with minimal period < a, degenerate of order 
£o < contradicting the fact of /o G £/£' 6 . ■ 

In order to prove that is dense in C°°(M;R) , Vc G R+, we observe 
that is enough show that, Qt' c is dense in 1Z{k). So, we can reduce this proof 
to a local approach. More precisely, the claim is a direct consequence of the 
following Reduction Lemma, whose proof we will present in the Section [U 

Lemma 7. (Reduction Lemma) For each c G R+, and any /o G TZ(k), there 
exists an open neighborhood IA f of fo, such that, G^ c r\lAf is dense inUf . 

Thus the Nondegeneracy Lemma is proven. 
Proof of the Kupka-Smale Theorem 

Consider a periodic orbit 7 = {<$(0 ), < t < T} C H' 1 ^), in T*M, 
where H is the Hamiltonian associated to L by the Legendre transform. We 
will say that this orbit is hyperbolic if the Poincare map associated does 
not have eigenvalue of norm 1. It is clear that the hyperbolicity implies 
in the nondegeneracy property. The converse is not true. There exists 
nondegenerate orbits such that all eigenvalues has norm 1. Such orbits will 
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be called elliptic orbits. We define the strong stable and strong unstable 
manifolds, of 7 in 9q = 7(0), as 

W ss (8 ) = {8E H-\k) | lim d(rf(9 ),tf(9)) = 0} 

and 

W us (6 ) = {6> G H~ 1 (k) I lim d(tf (9 ) , (8)) = 0} . 

t— >— 00 

Respectively we define the stable and unstable manifolds (weak) of 7 as 

W s {i) = (J $ (W SS (0 O )) and W u ( 7 ) = \J <f>f (W us (0 O )) . 
tern *gr 

From the general theory of the Lagrangians systems we know that, W s {^), 
W u (j) C H~ 1 (k) are Lagrangians submanifolds of TM, with the symplectic 
twist form, given by a>(£, £) = ((61, fu)*, </(0i> Cu)) in local coordinates. 

A point 6> € H~ 1 (k), is heteroclinic if 6> G PF s (7i) n ^(72). where 
71,72 C H~ 1 (k) are hyperbolic periodic orbits. Additionally, if TqW s {^\) 
+7W S ( 72 ) = T e H~ 1 {k), that is, if W s (nx) ^0 ^"(72) then will be called 
a transversal heteroclinic point, same thing for homoclinics. 

A fundamental domain for W s {^) (or W u '(7)) is a compact subset P C 
W s {~{), such that, all orbits in W s {^f) intercepts T> in one point, at least. 
One can show that there exists fundamental domains arbitrarily small and 
arbitrarily close to 7. Fixed a > we define the local stable and local 
unstable submanifolds of 7 as being 

w«(t) = {oe w ss ( 7 ) 1 d W s S{l) (e n ) < a} 

and 

VC(7) = {8 G VT S ( 7 ) I d w «( 7) (0 j7 ) < «}• 

They are Lagrangians submanifolds of TM. 

In order to prove the Kupka-Smale Theorem , we define /C^ = {/ G £/. '° | 
V7i,72 C (i? + f)~ l {k), hyperbolic periodic orbits 

for L + f, with period < a we have W a s (7i) rh ^(72)} and K{k) = f] K%. 

n&N 

It is clear that the properties (i), (ii) and (iii) of the Kupka-Smale Theo- 
rem are valid for all / G JC(k). Thus, in order to prove the Kupka-Smale 
Theorem , we must to show that JC(k) is generic, or equivalent, that each, 
K% is an open and dense set (in C°° topology). Since, the local stable and 
unstable manifolds depends C 1 continuously on compact parts, of the La- 
grangian field, we get the openness of JC%, because the transversality is an 
open property. 

The next lemma can be found in Paternain [15], Proposition 2.11, Pg.34, 
for the geodesic case, but here we present a Lagrangian version. 
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Lemma 8. (Twist Property of the vertical bundle) Let L be a smooth, 
convex and superlinear, Lagrangian in M , 6 G TM and F C TgTM an 
Lagrangian subspace for the twist form in T*M . Then, the set, 

Z F = {t G R | de4>t(E) n V(${6)) + 0} 

is discrete, where V is the vertical bundle in M. 

The next lemma allow us to make a local perturbation of a potential / 
in such way that the correspondent stable and unstable manifolds become 
transversal in a certain heteroclinic point 9. The density of /C^ follows from 
Lemma [TU1 

Lemma 9. Let L be a Lagrangian, and f G C°°(M,M). Given 71,72 C 
(H — f)^ 1 (k) hyperbolic periodic orbits with period < a and 6 G (72), 
such that, the canonic projection ir \w u h 2 ) * s a ^ oca ^ diffeomorphism in 6 
and U,V, are neighborhoods of 6 in TM such that 8 G V C V C U. Then, 
there exists f G C°°(M,R), such that, 

i) f is C°° close to f; 

ii) supp(/ - /) C tt(U); 

Hi) 71,72 C (H — f)^ 1 (k) are hyperbolic periodic orbits to f, with the same 
period as to f ; 

iv) The connected component o/W" (72) H V that contains 6 is transversal 
to W s (7i). 

Proof. Initially we consider the Hamiltonian H — f associated to the La- 
grangian L + / by the Legendre transform £: 

H-f(x,p)= sup {p(v) - (L + f)(x,v)} 

v£T x M 

with the canonic symplectic form of T*M, cu = ^ dx{ A dpt. 

We know, from the general theory of the Hamiltonian systems, that 
71, 72 are in correspondence, by Legendre transform with hyperbolic periodic 
orbits of same period, 71,72 C (H — f)^ 1 (k) for the Hamiltonian flow ■ 
Consider ^"(72) and W s (ji), respectively, the invariant submanifolds, they 
will be Lagrangian submanifolds of T*M, and ■& = C(9) G ^"(72). If 
tt : TM — > M and tt* : T*M — > M are the canonic projections, then 
dtfir* = dgir o (dgC)^ 1 . Therefore the canonic projection tt* |^ U ( 7 -) is a local 
diffeomorphism in d. Moreover, X H ~f (1?) = dgC o X L+ f (6) ^ 0. Thus we 
can prove the lemma in the Hamiltonian setting. By [9j, Lemma A3, we 
can find a neighborhood U of i9, and V C U, such that, V C V C U, and 
a Lagrangian submanifold, J\f, C°° close to W u {^2)-, satisfying the following 
conditions 
1) 1? G {U\V} 
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2) Mn{u\v} = w u (i 2 ) n {u\v} c(H- Z)- 1 ^); 

3) MnV rh VF s (7~i) n V. 

As, M is C°° close to W u {j 2 )^ we have that the canonic projection ir* 
is a local diffeomorphism in If U is small enough, then N(~)U = {(x, p{x)) \ 
x G vr*(u)} that is, M \u is a C°°(M,R) graph. We define the following 
potential, / G C°°(M,R), 

fM = / ^Gvr*([/) c 
M ; \ H(x,p(x)) - k ifxeTr*(U) 

Observe that, supp(/ — /) C n*(U) and $ ^ supp(/ — /), moreover, 
choosing £/ small enough, we will have that tt*(U) f) {71, 72} = and there- 
fore 71,72 still, hyperbolic periodic orbits of same period for the Hamiltonian 
flow contained in (H — /) -1 (A;). We denote W u ( , y 2 ) and W s ("fi), the 

invariant manifolds for the new flow _/ - Clearly (H - f)(M) = k. By 
[9], Lemma Al, we have that J\f is ip t invariant. Since, ^"(72) depends 
only of the negative times and, the connected component of ^"(72) H U 
that contains 1? and J\f are coincident in a neighborhood of 72 disjoint of 
supp(/ — /), we have M = ^"(72). On the other hand, as W s (ti) depends 
only of the positive times and / = / in {U\V}, we have W" s (7i) = W s (ji). 
Since MnV (h W 3 ^) n V", we have_W 7U (f 2 ) n V" rtl ^(71) n V". From the 
initial considerations we choose L + f. The lemma is proven. ■ 

Lemma 10. The set K%, is dense in C°°(M,R), for all n G N. 

Proof. Take /o G C°° (M, IR) , by the Nondegeneracy Lemma we can find /o 
arbitrarily close to /' G Q^' n , which is open and dense. Thus, is enough to 
find / arbitrarily close to /', such that, for any 71, 72 C (H — f)~ 1 (k), hyper- 
bolic periodic orbits of period < n, is valid W^(7i) iti ^^(72). Then, / G K% 
and / is arbitrarily close to /o- Given 71,72 C (H + f')~ 1 (k) hyperbolic pe- 
riodic orbits of period < n, in order to conclude that WjJ(7i) ftl ^"(72) we 
should to prove that W^ili) itix> W^(7 2 ) where V is a fundamental domain 
of W U { 12 ) , because ifW s (71) (h e W u { l2 ) thenTy s ( 7l ) {e) W u { l2 ), Vt. 

Take T> a fundamental domain of ^"(72) and 9 G T>. By the inverse function 
theorem we know that 7r|iy U ( 72 ) is a local diffeomorphism in 9 if, and only 
if, TqW u {^ 2 ) fl Kerdgir = 0. As ^"(72) is a Lagrangian submanifold we 
have, from LemmaEl that {t G M | (T e W u (72)) n K er d, L+ f f0 .TT / 0}, 

is discrete. Then there exists t(9) arbitrarily close to 0, such that, tt\ W u^ 

is a local diffeomorphism in 9 = <f>f{t\ (9). As, /' G G^' n , we can choose, 

t(9), such that, tt(9) does not intercept any periodic orbit of period < n. 
Fix a neighborhood U, of 9, arbitrarily small, such that, n(U) does not in- 
tercept any periodic orbit of period < n. Taking V, a neighborhood of 9, 
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such that, V C V C U, from Lemma [9j we can find fx = /' in 7r (*7) c , such 
that, the connected component of W^^) H V" (to the new flow) contain 
and is transversal to W^ s (7i) (to the new flow). Taking V x = <f>i +h (V) 
we will have that W^(j2) rh W s (7i). We can cover the fundamental do- 
main D with a finite number of neighborhoods like Vx, that is, Wi,..., W s . 
Since the transversality is an open condition and the local stable (unstable) 
manifold depends continuously on compact parts, we can choose succes- 
sively W{ + x such that the transversality in Wj, j < i, is preserved. Thus, 
Wn (72) rh W£( 7 i). ■ 



4 Proof of the Reduction Lemma 

For the proof of the Reduction Lemma (Lemma [7j) we will use an induction 
method similar to the one used by Anosov [1] , using transversality arguments 
as described in Abraham [lj and [2j. In this way, we remember a usefull 
theorem, the Parametric Transversality Theorem of Abraham. 

Remember that, if X is a topological space. A subset 7Z C X is said 
generic if TZ is a countable intersection of open and dense sets. The space X 
will be a Baire Space if all generic subsets are dense. For additional results 
and definitions of Differential Topology, see [2] , [3] or [5] . 

Theorem 11. flfflj, pg. 48, Abraham's Parametric Transversality Theorem) 
Consider X a submanifold finite dimensional (with boundary or boundary- 
less), Y a boundaryless manifold and S C Y a submanifold with finite codi- 
mension. Consider B boundaryless manifold, p : B — > C°°(X;Y) a smooth 
representation and your evaluation ev p :BxX-»¥, //X and B are Baire 
spaces and ev p rh S then the set 1Z = {if G B \ p v rh S} is a generic subset 
(and obviously dense) of B. 

Given a Hamiltonian H we define the normal field associated, as be- 
ing the gradient field, Y H = VH = H x ^ + H p §- in T*M. Observe 

that JY H = X H , where J is the canonic sympletic matrix. We denote 
ip^ : T*M x (-£,£) -> T*M the flow in T*M generated by the normal 
field. Let us briefly describe the properties of the normal field. Initially 
observe that ^(Y H ,X H ) = Hi + fl|, Vi9 G T*M. If X H {$) + then 
^ Y H (d) T^H~ 1 (k) where = H(<&), that is y H points to the outside 
of the energy level. From the compactness of the energy level H~ 1 (k) we 
have that the flow of the normal field, restricted to H^ 1 (k) is defined in 
H^ 1 (k) x (—e(H),e(H)) where e(H) > is uniformly defined in H^ 1 (k). 
Then the flow of the normal field is defined in a neighborhood of the energy 
level H~ 1 (k). The action of the differential of the normal flow through an 
orbit is given by 

/ Z H (s) = H( 1 (s))Z H (s) 
\ Z H (0) = Y H ($) 
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where 7i is the hessian matrix of H . The main property of Y is to establish 
a sympletic decomposition of T$T*M given by the next proposition. 

Proposition 12. Consider the normal field Y H associated to H in the reg- 
ular energy level, H -1 ^). Then, for each $ G H^ 1 (k), periodic of period 
T > 0, there exists a symplectic base {u%, u n , u*,..., ofT$T*M veri- 
fying 

(i) ui = X H and u\ = - H i} Hi Y H ; 

(ii) Wi = (ui,^)- 1 C TnH- l {k) in particular, T^H~ l (k) = (m) © Wi; 
(Hi) IfE C H~ 1 (k) is a section transversal to the flow, such that, X#E = W±, 
we have that ^P(S,i?)Wi C Wi; 

(iv) If T = mT m i n {'&) > then d^rp^u% = u\ and d^ip^u\ = cu\ + u* + 
teWi. In particular, {d^ - Id){T^,T*M) C (ui) ®Wi = T^H' 1 ^). 

(v) There exists, e > uniform in $ E H~ 1 (k), such that, the map e$ : 
(— e,e) — > R given by e$(s) = H o ^^ ± (t?) is injective with e$(0) = fc. 

Using the normal field we are able to construct an representation, in 
order to apply the Parametric Transversality Theorem. 

Proposition 13. Given iel, 0<a<&< +oo, and /o €= 7£(&)> consider 
the normal field Y H+ f° as described before, e = e(H + /o) > as in £/ie 
Proposition \TR (v), and the sets, Uf C TZ(k) a C°° neighborhood of fa, 
a = a(Uf ) > as in Lemma\^ X = T*M x (a, 5) x (— e,e) and Y = 
T*M x T*M x R. T/ien the map p : U fo -» C°°(X; Y) aiuen 6y := /? /; 
w/iere 

is an injective representation (see fl^ or fMj). 



Proof. Initially we point out that p is well defined, therefore Y has the struc- 
ture of a product manifold. Writing pj = (p\, p"j, p^), where s) = 



we can see 



(0), p 2 f (#,t,s) = rt +J (#), p 3 f ($,t,s) = (H + f)(ti) - k, 
that each coordinate is a smooth function. Thus pj E C°°(X;Y). Observe 
that p is injective. Indeed, if /9ft = Pf 2 then {H+f\ )(#)— k = (H+f2)('&) — k, 
for all G T*M, so f x (x) = f 2 (x), for all x G M. Thus /i = f 2 . We must 
to verify that ev p : W/ x X — > Y is smooth. Since W/ x X have the structure 
of product manifold , we can write 

d U , x) ev p := -gf{f,x) + -^(/^). G U fo x X 

It is clear that ^f-(f,x) is always defined as^ £ (/, a;) = ^p/. More pre- 
cisely, given (£,i,s) G T X= ^^ T ^ S ^X we have 

~^f(/' x )(^' *> = ^P/(^> *) = ^-P/(^( r ))*( r ) ; s ( r )) |r=0= 
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= ^f^\m),^/(m),(H+f)(m)-k) i,= = 

+ /)(£))• 

Observe that, if S = and ijj^^ ({}) = i9, then 

<>rVn -(f,x)(U,s) = (H + sY H+ f(i)),d^ +f (0 + ix H+ f(i}), 



dx 



d#{H + /)(£)). 



However we must to show that ^jr-(f, x) is always defined. By the structure 
of C°°(M;IR) we know that this fact is equivalent to show that there exists 



i^ +f+rh± m \ r=0 , l^T +f+r \$) |r=o and i(H + f + rhW) 



r=0 



for any h G C°°(M;IR) and x = ("d,T, S) G X. From some straightforward 
calculations (see [TO], pg.46), we get 
£(# + / + rfc)(0) 1^0=^0^), 

&^? +/+ph (0) lr=o= ^(T) = <W? +/ foMf+^bhWdt and 
^s +f+Th± W 1-0= = j* fatf+^rWWda. 

Thus^(f,x)(h) = 

(d^ +f± [ S (d^ + f ± )- 1 b h (s)ds , d^ +f f 7 \d»il)? + f)- x b h {t)db , 
Jo Jo 

/»ott(i?)). 

If 5 = and W = then 

^(f,x)(h) = (0, I* M? +f )-%(t)dt , ho 

a J Jo 

Thus et>p is smooth and therefore p is a representation. ■ 

Define the null diagonal A C¥ given by A = {(&,■&, 0) | 6 T*M}. 
Combining, Propositions [12] and [13] we get 

Lemma 14. With the same notations of the Proposition \13\ we have that, 
V/ € Uf , with T G (a, b) and S E (— e, e), 

«j If $ is a periodic orbit of positive period T for H + / in the level 
(H + f)~ l (k) then, p f (d,T,Q) G A . Reciprocally, ifp f (ti,T,S) G A 
then, S = and -d is a periodic orbit of positive period T for H + f in 
the level (H + f)~ 1 {k). 
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ii) If "d is a periodic orbit of positive period, for H + / in the level (H + 
f)^ 1 (k). Then, •& is nondegenerate of order m = T J ^ if, an d only 
if, Pf rh(tf,T,o) A . 

The next corollary it is an easy consequence of the Lemma [T^l 

Corollary 15. With the same notations of the Lemma \TJ^ we have that, 
given f G Uf , all periodic orbits with positive period, T TO j n (#) G (a,b), in 
(H + f)~ 1 (k), are nondegenerate for H + / of order m, Vm < rp b if, and 
only if, pf rh A . 

The previous corollary shows that, the nondegeneracy of the periodic 
orbits of positive period in an interval (a, b), for a given energy level (H + 
f)^ 1 (k), is equivalent to the transversality of the map pf in relation to the 
diagonal Ao- The key element for the proof of the Lemma [7] is the nest 
lemma. 

Lemma 16. Consider the representation p as in the Proposition [73 and 
its evaluation in Uf Q , that is, ev : Uf x X -> ¥, given by ev(f,~&,t,s) = 
Pf($,t,s). Suppose that ev{f ',$,T, 5) G Ao then, 

i) If $ is nondegenerate of order m = t^-— for H + f then ev ftw.^s) 

A ; 

U) IfT = T min (i9) then, ev (h^^ jT ,S) Ao- 



Proof. 

i) We know that ev(f,$,T,S) = p0,T,S) therefore p f (tf,T,S) G A , 
and 5 = 0. If t9 is nondegenerate of order m = rp T for H + /, then, from 
the Lemma [H] (ii) , pf rtv$ro) Ao, in particular ev ftl^ ^ ^o) Ao- 

ii) As ev(f, T, 5) G Ao we must to show that 

Take any (u,v,w) G T (l?A0 )Y, (C, C, 0) G T (lW )A and 
(h,£,t,s) G T(f t $ t T,o)(Mfo x From Proposition [TBI we have that 

= (0, d*i$ +f ff(dttf +f , h o 7r(i?)) + 

(e + «^ +/ (*), <w? +/ (o + ix H +f(#),d#(H + /)(e)) 

/k>tt(0) + &(# + /)(£)) 

Therefore et> p flw^ro) Ao, if and only if, the system 



u = £ + sY H+ f + C (1) 
v = + tX H +f(0) + ^V>t +/ JoMf+'^bhWdt + C (2) 

w = fco7r(0) + d*Off + /)(O (3) 
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has a solution. Using the coordinates of the Proposition [12] and taking £ = 
u — £ — sY ff+ ^ ($) we have that the equation (2) restricted to the set of the 
solutions of (3), 

V w = ih G C°°(M,R), i = aX H+f (0) + 6 r^ +/ (0) + C/ } 

where bo = ^{H+f)°Y^+i '(■&)) ' have the expression 

(i + 6 c + T O )X H +f(0) + (c* - s)Y H+ f($) + (dtfP(E, i?) - /d)(C/) + 6 C/ + 

^^t +/ jQ{d^f +f )- 1 b h {t)dt = hX L+ f{$) + bY H+ f{$) + U, where 

v-u = aX L +f{$) + 6y ff+ ^(<?) + U, 



and 

(d^ +/ - id) (IT) = r X H+ f {■&) + (dtfP(E,tf) - Id){U). 
That is, the system always has a solution, if the expression, 



(i + b c + r )X^+/(tf) + (c* - s)Y H+ f($) + (d*P(E, i9) - 7d)(C/) + 6 C/ + 

is surjective in T$T*M. So, we must to show that 

d^T +f t \d^ +s r l b h (t)dt 
Jo 

generates a 2n — 2 dimensional space complementary to the space generated 
by X H+ f (d) and Y H+ * (i?), in T$T*M, which is the claim of the next lemma. 



Lemma 17. With the same notations as in Lemma [T5[ the map B : C°°(M; M) 
-> T$T*M, 

B{h) = -d^ +f [ T (d^ +f y l b h (t)dt 

Jo 

generates a space complementary to (X H+ f ($), Y H+ * ($))• 



Proof. In order to prove this claim is enough to restrict the map B to a 
subspace chosen in C°°(M;R). Consider to G (0, T), e > 0, and denote At , 
the subspace of the smooth functions 

Ato = {a : M — > M™ -1 | a(i) = (ai(i), a n _ x (i)) ^ 0, Vt G (i - e, t + e)}. 
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We assume that, x(t) = ir("/(t)), where j(t) = ^ + ^(#), does not con- 
tain autointersections for t £ (to — + £ )> that is, that H p (-f(t)) = 
d,7rX H+ f (-y(t)) 7^ 0. Then there exists a system of tubular coordinates V, in 
a neighborhood of 7r(7(io)), F : V — > R n , such that, 

i) = (t,z 1 ,...,z n - 1 ); 

ii) F(x(t)) = (t,0,...,0). 

Observe that, by construction, dx^FHp^^)) = (1,0, ...0). Consider a 
bump function a : M — ► R, such that, supp(er) C V, a |y = 1, with 
x(to) £ Vo C V. Define the perturbation space jF to c C°°(M;R) as be- 
ing 

Fto = {KA X ) = K,p{x) ■ a(x) | a, (3 G A } 
where, h a ^(x) = (a(t)St (t)+(3(t)St (t) , z), F(x) = (f, z) and <5t is a smooth 
approximation of the delta of Dirac in the point t = to- Given h a ^ G .Ft 
we get d x h aj /3 = d x h a ^ ■ a(x) + /t Q / g • <i x o"(x). On the other hand 

d x K,p = ((j t (a(t)5 t0 (t) + /3(t)8to(t)), z), a(t)S t0 (t) + f3(t)5 to (t))d x F 
Evaluating x(t) and using that h a ^(x{t)) = and <r(x(t)) = 1, we get 
d x (t)K,f3 = (0,a(t)S to (t) + p(t)6 t0 (t))d xit) F. 

In particular, 

d x{t) h a ,pH p (j(t)) = (0, (a(t)<J t0 (*) + P(t)6 t0 (t))d x{t) FHMt)) = 

for any, h Qj p G J^ . 
We claim that, 

1) i3(^ )cT( J ff + /)- 1 (fc); 

2) X H +f($)?B(T t0 ); 

3) dim(S(JPi )) = 2n-2; 

4) In particular, B^to) generates a space complementary to (X H+ f ($), 
Y H+ f(#)). 

In order to get (1) consider, a = d x ^h afi = (0, a(t)5 to (t))d x ( t )F = cti6 to (t) 
and (3q = 4(t)^o,/3 = (0, (3(t)6 to {t))d x ^F = 0i6 to (t), then, 

f-T 



B(h c 



and 



B(h p ) = d^ +f [ T (d# 
Jo 





_a 

0' 

ft 



dt 



dt. 



Observe that, oj( 





«o 



J ff+/ (7W)) = aoH p (j(t)) = 0, and 



o 



,X^+/( 7 (t))) = A,flp( 7 (t)) = 0, therefore 





"o 



and 





A) 



are m 



T(# + /) _1 (A;). Thus, B^) C T(tf + Z)" 1 ^)- 
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In order to get (2), we will make 5t Q 
B{hp) as 

B(h a ) 



$ Dirac and will write B(h a ) and 



cZ^T +/ (^< +/ ) _1 





ai(t ) 



Analogously, 

B{h p ) = ^ +f (d e ^ +, r 1 1 Jn H+f (t ) 
If we assume, by contradiction, that X H+f (j(t)) = B{h a ) + B(hp) then 





01 (to) 





A(*o) 



* H+/ (7(*o)) 





ai(t ) 



+ JH H+f (t ) 













A(*o). 




A(*o). 


} 



From this equality we have H p (j(to)) = i7 pp (7(to))/?i(io)- Since Hp^jfto)) ^ 
we have n — 1 choices, linearly independent, for /3i(to)- Indeed, 
is an isomorphism and for all (3(to) £ R n_1 we have fi\ (to) H p (^(to)) = 
(0,(3(t ))dFH p (j(t )) = 0. Thus, = ^(to)flp(7(to)) = /?i(*o)#pp(7(io))/M*o), 
contradicting the superlinearity of i/. For (3) observe that, in (2) we got 
the limit representation 



r 







H pp (l(t )) 





ai(t ) 











A(*o)_ 




A(*o). 


} 



2n — 2, since 



is an isomorphism. 



From this equation we get dim({£>(/i a ) + B(/tg)}) = dim({ai(to), 0i(to)} = 
"0 H pp ( 7 (t )) 

I n -H xp (j(t ))_ 

Finally, we observe that, the claim (1) is true independently of the ap- 
proximation 5t of the delta of Dirac in the point t = to- Moreover the claims 
(2) and (3) still true for <5 to , close enough to the delta of Dirac. ■ 

The next theorem allow us to make a local perturbation of a periodic 
orbit nondegenerate of order < m in such way that it becomes nondegenerate 
of order < 2m. The proof is just for dimension 2 and the n-dimensional 
case is still open. Almost all th parts of the argument are true in the n- 
dimensional case, but we do not know how to show the surjectivity of the 
representation in this case. 

Theorem 18. (Local perturbation of periodic orbits) Let dim(M) = 2, 
H : T*M — > M be a smooth, convex and superlinear Hamiltonian and 7 = 
{ipf L ('&o) I < t < T} C M^ 1 (k), where H _1 (fc) is a regular energy level, T is 
the minimal period of '7, and 7 is isolated in this energy level, nondegenerate 
of order < m € N. Then there exists a potential fo € C°°(M, K) arbitrarily 
close to zero, with supp(/o) CW C M such that, 7 is nondegenerate of order 
< 2m to H + /o. More over, U can be chosen arbitrarily small. 
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Proof. Choose to G (0,T) and £(0) = {ei(0), e 2 (0), ej (0), e£(0)} a sym- 
plectic frame in 7(^0) with ei(0) = X m ('j(t( ) )). Consider 



, where £(t) 
small. 



E(t) = {e 1 (t),e 2 (t),e* 1 (t),e* 2 (t)} 
d^to^-t^ v ? e £(0), for t G (0,r) with r > arbitrarily 



Then we can decompose the matrix of the differential of the flow, in 
the base £7(0), K (to) ^$ G 5p(2), as K (to) ^]f gj = [d^-^lg ' 



[^ T (t o )'0T-r]E(r)" ^ construction we have that [^(to-r)^]^^) = ^4; there- 
fore 



]E(r) 



U /Hi-E(O) 



(1) 



Consider [/ an arbitrarily small neighborhood of j(to) in T*M and r small 
enough, in such way that, 7 = {^fW | t G (t - r, i )} C H -1 (fc) n f7. Fix 
ii G (to — r, to) and V a neighborhood of 7(^1) in T*M, small enough, in 
such way that, V C U and that 7(^0)^7(^0 — r) V. Suppose that we have 
H : T*M — > M. a smooth Hamiltonian representing a smooth perturbation 
of M, such that, supp(M - H) C V and that jeti(H) | 7(t) = j'eii(H) | 7(t) , 

and K( to) V?]§S) = [dido-r^X^ ■ K(to)V|-r]B(!)- Since supp(M-M) C 
V, we have K( to) ^_ r ]g r °] = K( t o)^- r ]g r °]. By (1), [d l{to) ^_ r f E $ = 



HlS(O) 



so 



n£(0) 



From the construction of the perturbation described above we have that 
[^(to)^]^^) nas * ne expression 



K(*o)^]3 



1 a a /3 

4 a B 

10 

C $ D 



G Sp(2), 



because, the energy level in 7(io) and 7(^0 — r ) is the same for H and H. 
Thus it is invariant by the action of the flow of both Hamiltonians. Let 
Sp{2) be the following subgroup of Sp(2), 



Sp(2) = { 



1 a a (3 

A a B 

10 

C j3 D 



G SL(4) 





a 




'A B 




A 




C D 



J [a 13] 
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and consider the projection it : Sp(2) — > Sp(l) given by 



/ 


"1 


a 


a 




\ 













A 


a 


B 






'A 


B 










1 









C 


D 


V 


_0 


c 


$ 


D_ 


) 









which is a homomorphism of Lie groups. Observe that 

[d 7( t - r) ^ fi ]5S3,K (to) ^]Sg;e5pl2) 

and det([d 7(to) ^|]Jg] - AI 4 ) = (A - l) 2 det(7r([d 7(to) ^] Jgj) - AJ 2 ). Thus 7 
will be a nondegenerate orbit of order < 2m, to the perturbed Hamiltonian, 
if 7r([dy(t )^]B(o)) does not have roots of the unity of order < 2m as 
eigenvalues. Since, the symplectic matrices that are 2m-elementary (in 
particular, does not have roots of the unity of order < 2m as eigenvalues), 
forms an open and dense subset of Sp(l), we must to show that, for a choice 
of the perturbation space , the correspondence M — > ^([^(t Q )V^]#(o)) applied 

to a neighborhood of H, generate an open neighborhood of ^([^(to^rl^m)) 
in S'p(l). Using the homomorphism property 

= <{d^-r)€\ E E tl)) ■ 

We define X = 7r([d 7(to) ^]Jgj) and 5(H) = 7r([d 7(to _,)^]5g). Since the 
translation X — > X • Xo is an isomorphism of the of the Lie group Sp(l), 
we need to show that the map EI — ► S(M) applied to a neighborhood of H 
generates an open neighborhood of li in Sp(l). Inorder to construct the 
perturbation space we will consider TV C EI" 1 (A;) a local Lagrangian sub- 
manifold in j(to). We can reduce, if necessary, the size of the neighborhood 
U of 7 (to) chosen previously in such way that U admits the parameterization 
(x = (xi,X2),p = {piiP%)) '■ U K 2+2 as in [9], Lemma A3, that is, 

a) AfnU = {(a;,0j}; 

b) u> = dx A dp; 

c) x™\ MnU = lair- 

In these coordinates we can see that 7 = {(t, 0,0,0) \ t E (to — r,to)}. 
Consider, the perturbation space, 

P = {/ : T*M -» K I supp(/) Clf Clf} 

where = A/" D V and is a compact set contained in W that contains 
7 (ti) in its interior. Observe that, .F can be identified with C°°(W,M), 

A symplectic matrix is N-elementary if its principal eigenvalues (the eigenvalues A 
such that ||A|| < 1 or Re(X) > 0) are multiplicatively independent over the integer, that 
is, if IIAf' = 1, where 52 Pi = N then pi — 0, Mi. 
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therefore we can think f as a vectorial space. Consider the following finite 
dimensional subspace T C T 

?={f\ f(x,p) = r)(x)(aS tl ( Xl ) +b6' tl (x 1 ) + a, b, c G M} 

where 77 is a fix function with supp(ri) C and rj = 1 in some neighborhood 
of 7(ii), in A/". Moreover, is a smooth approximation of the delta of Dirac 
in the point t±. Now we are able to define the differentiable map S : T — > 
given by = 5(H + /) = 7r([d T(fo _ r) ^ +/ ]f Observe that 

dim(.F) = 3 = dim(Sp{l)) and 5(0) = S(M + 0) = 7r([d 7(to _ r) ^J? +0 ] ^j) = 
/2- Thus we must to show that, 

d T :T T = T^ T Id2x2 Sp(l) * sp(l) 

is surjective. Given h G T we have d§T{h) = ^(^[d 1 (t - r )'ip^ +lh ]^!^\i=o)- 
Consider £ G T^ to _ r yT*M, where i G (0,r) and define 

For a fix Z we define a field through 7 that verifies the equation 
i(t, l) = JHess(U + lh)(j{t))£{t, I) 

Taking the derivative of the equation above with respect to I and using the 
commutativity of the derivatives we get 

^(^(*.0li=o) = JHe88(h)^t,l)\ l=0 + JHe88(^.)^(t,l)\ l=0 

Denote H = Hess(M), f(t) = f(t,i)|i=o e Y(t) = f^(t,l)\i =0 , then 

Y(t) = JOT(t) + JHess(h)£(t) 
Y(0) = 0. 

Applying the method of variation of constants and using 

e(t) = jHwmw 
e(o) = 

we get 

Y(t) = d 7(t0 _ r) ^ I' d y{t0 _ r) ^ m t JHess(h)d, /{t0 _ r) ^dt. 
Jo 

Remember that Y(r) = ^(r,i)|i=o = ^(*o-r)^ m (OI«=o, so 

— d y(to _ r) ^|? +,h |i = o = d j{to _ r) ^f J d l(to _ r) ^ t JHess{h)d l{to _ r) ^fdt. 
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From this calculation 
doHh) = 7T (\d l{t0 _ r) ^f jf" d l{t0 _ r) ^ t JHess(h)d j{t0 _ r) ^fdt}^ . (3) 

In order to obtain the expression (3) we need to calculate JHess(h). All the 
integrals will be calculated with the delta of Dirac and not with the approx- 
imations, however the same conclusions are true for an approximation, good 
enough. Consider h(x) = (aSt 1 (xi) + b8' tl (x\) + c5" and h(x) = 

rj(x)h(x) then dh = r\dh + hdr\ and d 2 h = r]d 2 h + dh*dr] + dr]*dh + hd 2 rj. As, 
Hess{h){~f) = d 2 h and jeti(/i)| 7 = we have that Hess(h)(^f) = 7](^)d 2 h. 
On the other hand, (d 2 h)ij = aS tl (t -r + t) + bS' tl (t -r + t) + c5' t [ {t -r + 1) 
if ij = 22 and, and equal to otherwise. Taking the xi-support of <5( 1 small 
enough, we can assume that JHess(h)(~f) = AS^ (to — r + i) + BS' t (tQ — r + 
t) + CS" (to — r + t) where (A)ij = —a if ij = 42, and equal to otherwise, 
(B)ij = —b if ij = 42, and equal to otherwise and (C)ij = —c if ij = 42, 
and equal to otherwise. 
Denote, 



h 


= d 7 (< - 


-,)VV H 


/ ^(to- 




A d 7(to . 






- r + 


h 


= d 7 (t - 




,. r 

Vo 




5 d 7(*(r 






-r + t)dt, 


k 


= d 7 (t - 


-,)^ 


rr 

\ d ~f(Ur 

Jo 




C <2 7 (t . 






-r + t)dt. 



Thus 

A = ^(to-r)^ ^7(to-r-)^( tl _ to+r) ^ ^(to-rj^-to+r), 

^2 = -d 7 ( to _ r) ipf d^ to _ r) tp^ ti _ to+r) [B,JH] d^ to _ r) ip^ ti _ to+r) , 
and 

h = dtfto-r)^ rf 7 (to-r)^ (tl _ t()+r) ([[C 1 , JW], JW] + [C, JW]) 

rf 7 (to-r)V'(J 1 _ to+r )- 

Define Z = i - [B, JH] + [C, Jft] + [[6, JH], JH}. Then, 

d T(h) = IT (\d l{to _ r) ll)f d 7 ( to _ r )V^( tl _ to+r ) ^ ^(to-rj^-to+r)]^?)) • 

Writing this matrix in the bases £7(0) and E(r), in each point of the curve, 
we get, 

[d~f(t -r)1p™ d 7 (t -r)V , -(t 1 _t 0+r ) -2 rf 7(*o-'')^{ti-to+r)]£;(0) = 

— T/V / Hl-E'( r ) rj „/,H i£(to-ti) r™iB(t -ti) 

- l a 7 (*o-r)^r Je(0) L« 7 (to-r)^-(ti-to+r)J£(r-) ^Mio-ii) 
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[« 7 (i -r) V(tx -to+r) J S(t -ti) " 

Moreover [^(tQ-r)^?]^^) = ^ 4 an< ^ there exists a symplectic conjugation 
G G Sp(2) between the base £?(io — *i) and the canonic symplectic base, 
{j5T(7(fi)),z|r(7(<l)), Jr(7( i l))^(7(*i))} such that, 
[^iSSi 1 ! = G-^G. Thus d^fe) = 

iS(to-ti) 



J-E(to-ti) 



tt(Z) tt (G[d. 



that is, we need to show that 7r(iJ) is surjective in sp(l). A simple calcula- 



tion shows that, 7r(iJ) 



^21 222 



where, 



-ME 



P2P2 



2cM 



2c(M p2P2 ) 2 



■p 2 P2 I1J1 ^2P2 



+ 



R P2P2 



211 
212 

22i = —a + 2MHL r2P2 + 2cH piP2 EI :ria ; 2 + 2cM P2P2 M. X2X2 



2cEI 



4c(HI X2 p 2 

222 = bU 



2 

P2P2 ' 



- 2cEI 
2cEL 



Z2P2 



P2P2 UI1 a;2P2 



U P2P2 



Remember that, sp(l) 



\A,B,C,D G 



and 



H>2P'< 



~B C 

A -B 

0, thus we have the surjectivity. In order to conclude the proof we must 
to find a potential in M adapted to this perturbation. Consider / € T 
arbitrarily close to zero such that ^([^ 7 (t )V'T' + ^]£(o)) ^ s nondegenerate of 
order < 2m. Let us remember that the x-support of / is contained in W 
which is an arbitrarily small neighborhood of j(tx) in M. Consider (x,p) 
the canonic symplectic coordinates in j(t\), and tt : T*M — > K given by 
fr(x,p) = x. As we are free to dislocate the point t\ by a e arbitrarily small, 
we can use the twist property of the vertical fiber bundle as in Lemma [8] to 
conclude that 7t|_a/ is a local diffeomorphism in 7(ii). Take a diffeomorphism 
q : W C M — ► M given by q(x) = x, where (x,0) = (x,p) in Af. Choose 
the potential 

" /(q- 1 ^)) x e tt(W) 
x^tt{W), 



fo(x) 



by construction, M(x,p) + fo(x) has the desired property. The lemma is 
proven. ■ 

Conjecture: 

If dim(M) = n then n(Z) is surjective in sp{n — 1). 



The main obstruction to prove this conjecture is that if Z = A— [B, JTL} + 
[C, JH] + [[C, JH], JTL] then we need to solve equations like UX + XU = D, 
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in the space of simetric n—lxn—1. But it is well known (see [7]) that, in our 
case, the solving of this type of equations requires additional hypothesis on 
the eigenvalues of M pp , which are not generic in Mane's sense. On the other 
hand, our approach it is essentially the only way to construct perturbations 
by potentials, thus we hope that in the future, we will be capable to solve 
this equation in higer dimensions. 

Lemma 19. Given k G R ; fo G TZ(k), Uf C TZ a C°° neighborhood of fo, 
a = a{Uf Q ) > 0, as in the Lemma\^ a G 1Z such that < a < oo and 
Q^ ,a nWj ^ 0, we have that Q^ 2a dUf is dense in Q^' a nW/ . 

Proof. Take / G Q^ a n Uf and U an arbitrary neighborhood of /. We 
must show that U n {Q^ 2a PI Uf ) ^ 0. From the definition of Q^' a we have 
that all periodic orbits of H + / in the level k with minimal period < a 
are nondegenerate of order m < jA—- Take pj : T*M x (0, a) x (— e,e) — > 
T*M x T*M x R. From Coroharylfe] we have that p f iti A . Moreover, by 
Lemma (i), 

P7 1 (A ) = {(0,T,O) | G (H + fy^k), TG (O,a),< +/ (0) = 0} 
Observe that /oJ^Ao) C (If + x [0, 

a] x {0} which is a compact 

set. As Ao is closed we have that pj 1 (Ao) is a submanifold of dimension 1, 
with a finite number of connected components. Since each periodic orbit, 
{V>f +/ (#) | t G [0,T], (#,T,0) G pJ 1 (A )} C pJ^Ao), is a connected 
component of dimension l,the number of periodic orbits for H + / in the 
level k with minimal period < a, distinct, is finite. Denote, | 
t G [0,T< = T min (^)], (i?i,Ti,0) G /ojHAo)}, for i = 1, .JV, the iV periodic 
orbits for H + f in the level fc, with its respective minimal periods. From 
Theorem 1181 we can find a sum of N potentials fo = f\ + ... + /jv arbitrarily 
close to 0, such that, all orbits are nondegenerate of order < 2m for (i? + 
f) + fo- The claim is proven because / + fo G U n (^' 2a fl W/ ). ■ 

Lemma 20. Witi/i i/ie same notation of the Lemma [T9[ if Q^ a nW/ 7^ 0, 
tfiera eu p : ££' 2a n W/ x T*M x (0,2a) x (-e,e) -> T*M x T*M x R is 
transversal to Ao- 

Proof. Indeed, given (f,0,T,S) G ^ ,2a n W /o x T*M x (0,2a) x (-e,e), 
if ev(f,$,T,S) g" Ao, is done. So we can assume that ev(f,$,T,S) G Ao, 
that is, 1? is a periodic orbit of H + / in the level with minimal period, 
Imiti = T m i n ($) and S 1 = 0. 

If T = T m i n then eu rtWtf^o) ^0 by Lemma [TCI (ii). On the other hand, 
if T = mT min , m > 2 we have that m < 2a/T min , that is, Tmin — 2a, 1 171 ^ a 
so $ is nondegenerate of order m, because/ G ^' 2a nWj . Thus eu (tw^rs) 
Aq by Lemma [TBI (i). ■ 



23 



Lemma 21. With the same notation of the Lemma fTPl if Q k ' a nW/„ 7^ 0, 
then (g 3o / 2 > 3 °/ 2 nUf ) n (^' 2a C\Uf ) is dense in ^' 2a C\Uf . 

Proof. Consider B = ££' 2a nW Jo , which is a submanifold of C°°(M;R) 
because it is open. From the Lemma [20] we have that eu p : G k ' 2a n W/ x 
T*M x (0,2a) x (-e,e) -» T*M x T*M x R is transversal to A . Then, 
Theorem El implies that JR = {/ G ^' | p/ fh A } is a generic subset 
of t/^' 2a flW/ . In particular $H is dense in ^' 2a C\Uf . We claim that 
^ c (^ o/2 ' 3o/2 nW /o )n(g^ 2o nW /o ). Indeed, take / G 9t, from CorollaryQSl 
all periodic orbits of the flow defined by H + f in the energy level k, with 
minimal period T m i n are nondegenerate of order m < 7^— because pt rh 
Aq. If we have a periodic orbit for H + / in the level /c, with minimal 
period T m i n < 3a/2 take m! < S?^ 2 - = -ttM — < then this orbit is 

min ^7 «3J mm min 

nondegenerate of order m' in particular / G g3a/2,3a/2 ^ ^ ^ Therefore 

((? 3a/2,3a/2 R ^ ) R @«,2a R ^ ) ig dense ^ ^,2a p ^ _ | 

Lemma 22. Wii/i i/ie same notation of the Lemma fTPl if Q k ' a nW/ 7^ 0, 
we /zaue f/iaf (g 3a / 2 > 3a / 2 nW/ ) is dense in C\Uf . 

Proof. From Lemma EH we have that /2 ' 3a/2 n W /o ) D (gf a nW /o ) is 
dense in t/^' 2a n £// and from Lemma [TTJ1 ^' 2a D W/ is dense in n ZY/ 
therefore £ 3a / 2 ' 3a / 2 j g d ense [ n g^ a nUf . ■ 

Proof of the Lemma S 

Proof. Given k G R, / G ft(fc), U fo C K & C°° neighborhood of / , 
a = a(Uf ) > as in Lemma Take c G R+, if c < a then C/f' c n£/f = Uf 
by Lemma So we can assume that c G R+, with c > a > a > 0. 

We claim that, ^^'^''"nW^ is dense in g a k > a C\U h , W G N. The proof 
is by induction in I. 

For I = 1 observe that, t/^' a H^/ = W/ 7^ 0, because a > a > 0. 

-0,-0 a a 

Therefore <7| ' 2 n W/ is dense in Q k ' a n W/ Q by Lemma [22j 

Suppose that, Q k ' 2 nW/ is dense in Q k ,a f)Uf , with £ > 1. Then 

£/ fc 2 ' 2 nW/ 7^ 0, from the density, and taking a' = (§) a, we will have 

that C? 2 ' 2 nW /o is dense in £° ' a nU fo by Lemma (22) So £?; 2j A2> n 
Zi/ is dense in C?£' a n W/ concluding the proof of the claim. 



Consider £ , such that, (§/°a > c. Then, ^ 2 2 nW /o C n 

Uf a C Q a k ' a r\U h =U fo . Since ° a,(2) °°nW /o is dense in Q a k ' a C\U h , we 
conclude that t/^' c n Uf is dense mUf . The lemma is proven. ■ 
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